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Abstract. The two systems 40Ca + 90,96Zr have been studied by measuring nucleon transfer reactions at
two energies near the Coulomb barrier, thus complementing the available sub-barrier fusion cross-sections.
Angular distributions for various transfer channels have been determined. Significantly larger neutron
transfer cross-sections are found for the target 96Zr that exhibits the larger enhancement in the sub-barrier
fusion cross-sections. All data have been analyzed with a new model for heavy-ion collisions that calculates
simultaneously transfer cross-sections, fusion excitation functions and barrier distributions. The model
gives a good account of both transfer and fusion data.

PACS. 25.70.Hi Transfer reactions – 25.70.Jj Fusion and fusion-fission reactions – 24.10.-i Nuclear-reaction
models and methods

1 Introduction

The dynamics of heavy-ion reactions at energies close to
the Coulomb barrier is intimately linked to the structure of
the two colliding nuclei. That link shows up dramatically
in the strong enhancements of sub-barrier fusion cross-
sections. These display large isotopic variations that have
been related to the properties (energy, multipolarity and
strength) of the low-lying surface vibrational modes and
possibly to the transfer of neutrons [1,2].

In recent years, the development of high-resolution and
efficient experimental set-ups (see, e.g., [3]) has allowed
detailed studies of transfer reactions in the energy range
near the Coulomb barrier [4–11], for various combinations
of targets and projectiles. However, in spite of a long-
standing debate [12–15], the relevance of transfer channels
to sub-barrier fusion is not yet clarified. This is partly due
to the difficulty of treating, within a single formalism, the
full body of reactions that take place in a collision between
heavy ions.
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A recent attempt to overcome these difficulties was
carried out by Esbensen et al. [16] by a coupled-channels
(CC) analysis of fusion excitation function, inelastic and
transfer cross-sections in the 58Ni + 124Sn system [8].
They used a CC code that incorporates the incoming-wave
boundary condition and uses the rotating-frame approxi-
mation in order to reduce the number of neutron transfer
couplings. This approximation, quite good at energies be-
low the Coulomb barrier, may be somewhat limiting at
higher energies when the transfer of angular momentum
starts to play a role. As we will discuss below, the angular-
momentum transfer is very important in defining the en-
ergy dependence of the barrier distributions. Low-lying
surface modes of target and projectile, all single-neutron
transfer and (by successive approximations) multi-neutron
transfer channels were included in the CC calculations of
ref. [16]. Charged-particle transfer was simulated by an
imaginary potential, and a very good description of the
measured quasi-elastic, fusion and transfer cross-sections
was obtained.

The main conclusion of ref. [16] was that transfer
channels do enhance sub-barrier fusion cross-sections for
58Ni + 124Sn, but the enhancement is not as strong as the
effect of coupling to low-lying surface modes. However, the
limited accuracy and the large energy step of the measure-
ments did not allow extracting a fusion barrier distribution
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as the second energy-weighted derivative of the excitation
function [17], and no data were available for a comparison
with nearby systems.

The pair of systems 40Ca + 90,96Zr constitute an ideal
case since detailed fusion excitation functions were mea-
sured [18] showing a conspicuous isotopic effect, and the
two barrier distributions are quite different from each
other. The larger sub-barrier enhancement of 40Ca + 96Zr
and its broader and structureless barrier distribution were
attributed to the strong influence of neutron transfer chan-
nels. Actually, CC calculations that included the collective
excitations of the colliding nuclei only, strongly underpre-
dicted [18] the sub-barrier fusion yield for 40Ca + 96Zr and
did not reproduce the shape of its barrier distribution.

A semi-classical theory [19–21] has been developed in
the past few years, that, starting from the structure of
the two colliding nuclei, calculates fusion, quasi-elastic
and transfer cross-sections at the same time. This theory
has been successfully used to analyze a variety of multi-
nucleon transfer reactions [9–11]; it is able to reproduce
the main features of such reactions quite well, as far as
mass, charge, angular distributions and Q-value spectra
are concerned. More recently the same calculations have
been extended to sub-barrier fusion cross-sections and bar-
rier distributions [22].

Therefore, we have performed the experimental study
of quasi-elastic and transfer reactions in 40Ca + 90,96Zr
near the Coulomb barrier. This paper presents the out-
come of such experiments and the data analysis performed
with the GRAZING model [19] of the transfer results and
of the high-quality fusion data, trying to understand the
interplay between surface and nucleon transfer degrees of
freedom in the tunneling process. A preliminary account
of the transfer experiments, with no theoretical interpre-
tation, was presented in ref. [23].

2 The experiments

The experiments were performed using the 40Ca beam
(5–10 pnA) of the XTU Tandem accelerator of the Lab-
oratori Nazionali di Legnaro. The transfer reactions were
studied at Elab =152 MeV for both targets and 135.5 MeV
for 96Zr only. The lower energy is 4 MeV below the nomi-
nal Coulomb barrier (� 139.3 MeV). The zirconium oxide
targets had thicknesses 150(200) µg/cm2, and were evap-
orated on 45(30)µg/cm2 carbon foils, with isotopic enrich-
ments 99.36% and 95.63% for 90Zr and 96Zr, respectively.
The same target material was used in the previous fusion
experiment [18]. The “effective” beam energies, at half of
the target thickness, were 150.4 and 133.8 MeV for 96Zr
and 150.7 MeV for 90Zr.

Projectile-like reaction fragments were detected by
PISOLO which is a time-of-flight (TOF) spectrometer
with magnetic focusing, start- and stop-detectors based
on micro-channel plates, and with a split-anode ionization
chamber for ∆E/E measurements; more details about
PISOLO can be found in [3]. The mass A and nuclear
charge Z resolutions (� 1/100 and � 1/60, respectively)

Fig. 1. Two-dimensional plots Z vs. mass number A of the
beam-like fragments at Elab = 152 MeV; the reported energies
are the beam energies at half of the target thickness. Events
belonging to a certain mass, but to different Z-numbers, do
not fall exactly on a vertical line due to small data analysis
offsets.

allowed unambiguous identification of the reaction prod-
ucts. This can be appreciated from fig. 1 that shows two-
dimensional Z vs. A spectra for the two systems at the
higher energy, measured at θlab = 75◦ (near the graz-
ing angle). The two spectra are remarkably different: for
40Ca + 90Zr most of the transfer cross-section is concen-
trated in one- and two-neutron pick-up channels and in
one- and two-proton stripping channels. For 40Ca + 96Zr
a significant population of the +3n, +4n and −3p chan-
nels, and of all mixed neutron-proton transfer channels is
observed. It is worth noticing that in the 90Zr case the
stripping channel −2p − 2n (or of an α-cluster) is rela-
tively strong.

Angular distributions were measured in the range
40◦ ≤ θlab ≤ 105◦ at 152 MeV, and in the range 65◦ ≤
θlab ≤ 120◦ at the lower energy. Figure 2 shows, for the
indicated energies, the angular distributions of one- and
two-neutron pick-up and of one- and two-proton stripping,
which are the most relevant channels observed for both Zr
targets. Comparing the two higher energies, the neutron
pick-up cross-sections of 40Ca + 96Zr are almost a factor
ten larger than the corresponding ones in the 40Ca + 90Zr.
On the contrary, proton stripping channels have compa-
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Fig. 2. Angular distributions for one- and two-particle transfer
(integrated over the Q-value distributions) in 40Ca + 90,96Zr
at the indicated energies. Dots are experimental values, lines
are the results of GRAZING calculations (see text). The lowest
panels show the elastic plus inelastic cross-sections (normalized
to the Rutherford values).

rable cross-sections in the two systems. Angular distribu-
tions were already shown in ref. [23] even for more complex
transfer channels; there, one can also find representative
cases of Q-value distributions.

Quasi-elastic angular distributions have also been mea-
sured for both systems, and they are shown in the lowest
panels of fig. 2.

3 Data analysis

The data have been analyzed with the GRAZING model
[19–21], which calculates, at the same time, the redistri-
bution of mass and charge between the two ions (few-
and multi-nucleon transfer), quasi-elastic and fusion cross-
sections. We start the discussion from fusion which is actu-
ally the larger part of the total reaction cross-section near
and above the Coulomb barrier and its correct evaluation
is essential for giving reliable estimates for the transfer

yields. Following ref. [22] the fusion cross-section at the
center-of-mass energy E is calculated as

σ(E) =
∑

�

π�
2

2maAE
(2� + 1)T�(E) , (1)

where T�(E) is the transmission probability through the
potential barrier for the partial wave �, and maA is the
reduced mass of the system. Using the inverse parabolic
approximation the transmission coefficient becomes

T�(E) =
1

1 + exp[2π(Eb − E)/�ωb]
, (2)

where Eb is the barrier of the effective potential Ueff and
ωb is the frequency of the relative motion

ωb =

√
1

maA

∂2Ueff

∂r2
. (3)

Due to the coupling between the relative motion and the
intrinsic degrees of freedom (surface modes and exchange
of nucleons), the system, in its approaching phase, sees a
distribution of barriers. Therefore, the true transmission
coefficient is obtained by folding T�(E) with the barrier
distribution P (Er), i.e.

T�(E) =
∫ +∞

−∞
P (Er)T�(E − Er)dEr . (4)

It is clear from the above expression that, contrary to
other models, in order to calculate the fusion cross-section
one must first calculate the barrier distribution. Its shape
is energy dependent and is determined by the dynamics
of the reaction. This energy dependence is very weak be-
low the Coulomb barrier, and the distribution becomes
wider and bell-shaped at higher energies essentially due
to the transfer of angular momentum (for more details see
ref. [22]).

The relative motion of the two ions is determined by
the simple parameterization of ref. [24] for the nuclear
potential, obtained from a best fit analysis over several
elastic-scattering angular distributions. It is not a surprise
that small adjustments of the potential parameters may
still be needed from case to case. To this end, the model
allows to modify the radius of the nuclear potential intro-
ducing a shift ∆R.

Since tunneling probabilities are influenced by the mo-
tion of the two nuclear surfaces, a modification of the re-
duced mass appearing in eq. (3) was performed in refs. [20,
22]. This was done by exploiting the fact that, for pure nu-
clear interaction, the form factors for the excitation of the
surface modes have the same radial shape as the force act-
ing on the relative motion variable. On the other hand, in
actual cases one cannot neglect the Coulomb interaction
(here the form factors and the force acting on the relative
motion variable do not have the same radial shape); hence
we have multiplied the modified reduced mass (see [20,
22]) by a scaling factor δs which takes into account the
Coulomb interaction.
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Fig. 3. Fusion excitation functions (lower panel) and barrier
distributions for 40Ca + 90,96Zr, as reported in [21]; the lines
are the results of the calculations described in the text. In
the upper panels, the energy scale is relative to the nominal
Coulomb barriers.

By including the low-lying 2+ and 3− states of pro-
jectile and target [25] and treating the transfer channels
in the independent particle picture, one obtains, for each
energy, a fusion barrier distribution which is then used to
calculate the corresponding fusion cross-section. Examples
of these distributions, for energies lower than the nominal
Coulomb barriers, are shown in the upper part of fig. 3
and compared with the “experimental” barrier distribu-
tions obtained as the second energy-weighted derivatives
of the excitation functions (this comparison can be only
qualitative, since different quantities are actually plotted
together). The corresponding calculated fusion excitation
functions are reported in the lower panel of fig. 3 (full
lines).

All these results have been obtained by using the fol-
lowing set of parameters derived from the systematics of
ref. [22]: ∆R = −0.02 fm and δs = 0.8 for 40Ca + 96Zr
and ∆R = −0.15 fm and δs = 0.1 for 40Ca + 90Zr. The
gray regions indicate the sensitivity of our calculations to
the parameter δs, where the lowest cross-sections are ob-
tained by neglecting the effect of the surface motion on
the tunneling probabilities (δs = 0.0), while the highest
ones are calculated by including the correction with pure
nuclear interaction (δs = 1.0). The isotopic dependence of
the fusion excitation function is well reproduced by the
model, irrespective of the chosen value for δs.

The different shapes of the two barrier distributions
are correctly calculated, even if fusion cross-sections of
40Ca + 96Zr are overpredicted above the barrier by 30%.
We stress, anyway, that the experimental accuracy of the
absolute cross-section scale for each system is ±15% [13].
Relative errors within each system are essentially only sta-
tistical ones; going from 40Ca + 90Zr to 40Ca + 96Zr the
relative cross-section scale is determined by uncertainties
in the angular distribution measurements and integration
(� 7%) and by possible differences (� 5%) in the set-up
transmission for the two systems (see [13] and refs. therein
for more details).

A detailed analysis of the calculated contributions
from the various inelastic channels [22] leads to the conclu-
sion that the peakless shape observed for the barrier dis-
tribution of 40Ca + 96Zr is essentially due to the strength
of the octupole vibration in 96Zr, which is more collective
and lies lower in energy than in 90Zr. In the recent study
of sub-barrier fusion for 36S + 90,96Zr [26], the comparison
with 40Ca + 90,96Zr points to the same direction.

Indeed, the calculated contributions of the various cou-
plings to the enhancements of the fusion cross-sections are
shown in fig. 4. We see that for both systems the largest
effect comes from inelastic excitations of low-lying states
of projectile and target, in particular, from the octupole
vibration in 40Ca. We remember that these calculations
give only a qualitative picture of the relative importance
of the various couplings, since the form factor defining the
coupling to each specific channel is strongly affected by
the presence of the inelastic surface modes (it depends on
the relative distance between the two nuclear surfaces).

The redistribution of mass and charge between pro-
jectile and target are calculated by using an indepen-
dent particle description and by including all possible one-
particle transfer couplings (stripping and pick-up of neu-
trons and protons). The simple analytical parameteriza-
tion of ref. [27] is employed for the single-particle form
factors and all open channels are counted by using an
average single-particle level density (for more details see
ref. [20]). The estimated cross-sections for multi-nucleon
transfer channels are thus calculated in the sequential ap-
proximation. Figure 2 shows the calculations of the an-
gular distributions of the indicated transfer channels in
comparison with the present experimental results. The
theory gives an overall good account of the data, in par-
ticular of the inclusive one-neutron pick-up and of the
one-proton stripping reactions for both zirconium targets.
The energy dependence is also quite well described for
96Zr. Two neutron pick-up cross-sections are reasonably
well reproduced, while the model underestimates the two-
proton stripping yields, as well as the multinucleon trans-
fer channels (not shown in fig. 2) observed for 40Ca + 96Zr.
Calculated Q-value distributions are narrower than exper-
imental spectra, just as observed in our previous study of
64Ni + 238U [11].

In the bottom row of the same figure we display also
the measured quasi-elastic cross-sections compared with
the calculations. The comparison is good for 40Ca + 90Zr
and for the lower energy of 40Ca + 96Zr. For 40Ca + 96Zr
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Fig. 4. GRAZING calculations of fusion for 40Ca + 90,96Zr, where the contributions of various channels are evidenced.

at the higher energy, the agreement between data and cal-
culations is good at the level of the quarter-point angle.
Hence, we are confident in the choice of the empirical po-
tential used in the calculations, where the parameters were
obtained from the systematics of ref. [24].

4 Summary

We have presented here the results of measurements of
nucleon transfer reactions in 40Ca + 90,96Zr at two bom-
barding energies near the Coulomb barrier, performed by
the TOF spectrometer PISOLO. Neutron pick-up cross-
sections are much larger for 40Ca + 96Zr with respect to
40Ca + 90Zr, while proton stripping channels have compa-
rable cross-sections in the two systems. The transfer data
and the previously measured fusion excitation functions
have been analyzed within the same semi-classical theory
of refs. [19,20]. The model reproduces the main trends of
the transfer data (in particular the larger transfer cross-
sections observed for 40Ca + 96Zr) and, at the same time,
gives a good account of the fusion excitation functions and
of the barrier distributions.

The GRAZING model indicates: 1) a large influence of
the inelastic excitations on the strong isotopic effect of fu-
sion at sub-barrier energies, and in particular on the shape
of the barrier distributions; 2) a less significant effect of
transfer couplings on fusion, in agreement with the con-
clusions of the analysis performed by Esbensen et al. [16]
for 58Ni + 124Sn.

We wish to acknowledge the professional work of the Tan-
dem accelerator staff at LNL. In particular, we are grateful to
F. Scarpa and to Mr. G. Binelle for the preparation of the
good-quality 40Ca beams.
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